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Abstract 

In this article, we use the harmonic sequence associated to a weakly 
conformal harmonic map / : S — > S 6 in order to determine explicit ex- 
amples of linearly full almost complex 2-spheres of S 6 with at most two 
singularities. We prove that the singularity type of these almost com- 
plex 2-spheres has an extra symmetry and this allows us to determine 
the moduli space of such curves with suitably small area. We also char- 
acterize projectively equivalent almost complex curves of S 6 in terms of 
G^-equivalence of their directrix curves. 
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1 Preliminaries 

The use of harmonic sequence is a very well known technique since, in recent 
times, it has been used by several authors ( [TO] , [H] , [3J ) and we shall give here 
the same treatment as in [3J, which was suitably specialized for the case of 
the spheres. We start by establishing some background results about almost 
complex curves of the 6-sphere. 

A map ip : S — > W between Riemannian manifolds is harmonic if it satisfies 
the Euler-Lagrange equation 

tr(V<#) = 0. 

Throughout this article, we shall use S to denote a Riemann surface and z — x + 
iy shall denote a local complex coordinate z on S. In this case, the harmonicity 
condition of ip is simplified to 

(V,l#)(^) = 0. (1) 

Let V — > S be a complex vector bundle over the Riemann surface S and 
assume that V is a connection on V. By the Koszul-Malgrange Theorem, V 
admits the structure of a holomorphic vector bundle. Here a section s is a 
holomorphic section if and only if 

Vas^O. (2) 
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Given a harmonic map ipo :— ip : S — > CP™, several authors ( [TB] , [H] , QH] , [3] ) 
have dealt with the sequence of harmonic maps 4>k '■ S — > CP™ obtained from 
if) via an inductive construction of a sequence of complex line bundles over S. 

In the sequel, we outline this construction and give some of the main features 
of this sequence. 

Let £ be the tautological line bundle over CP". Let L Q and Lfr be the pull- 
backs via tpo of £ and £-*- respectively. L and Lq are endowed with naturally 
induced connections for they are vector subbundles of the trivial C™ +1 -bundle 
over S. 

Explicitly, if s is a section of a subbundle L of the trivial bundle S x C™ +1 , 
then s may be regarded as a map S — > C n . Given X e T X S, we can define a 
connection V^s by the orthogonal projection (Xs) L of Xs onto L. Similarly, 
we also define a connection in L 1 - . Thus the line bundles Lq and Lq have 
structures of holomorphic vector bundles over S. 

The map ipo determines a bundle map do : Lq — > Lq. Indeed, if we consider 
a holomorphic local section /o : S — > C™ +1 \ {0} of Lq, then we define <9o/o = 

It follows from ([lj and (|2|) that <9o (<9o) is a holomorphic (anti-holomorphic) 
bundle map if and only if -00 = [Jo] is a harmonic map. Therefore if /i := da fa is 
not identically zero then it is a holomorphic section of the bundle Lq and hence 
its zeros (if any) are isolated. Let zq be such a zero, then for some holomorphic 
local section /i we have fi(z) = (z — zo) r fi(z) with fi(zo) ^ 0. This latter map 
will then yield a well-defined map ^\{z) := [/i(^)] from S into CP™ and /i is a 
meromorphic local section for a complex line bundle L\ C Lq. 

By defining d\ in a similar way, and verifying that f% := d\fx is a holomor- 
phic local section of L] 1 -, it follows that -01 is also harmonic. 

Therefore, as long as the bundle section fk is not identically zero, that is, 
ipk—i is not anti-holomorphic (or tpk+i is not holomorphic, when considering the 
descending sequence given by ip-i-i = <9_i(?A-i) where i = 0, 1, 2, . . .), we can 
carry on with this process, defining a sequence ipk — [fk(z)] of harmonic maps 
such that the local sections fk are characterized by the following properties: 



fp+i + d z (log\f p \ 2 )f p 

fp+i+OL p f p where a p := d z (log\f p \ 2 ) (3) 
- lp f p where lp := i^f. (4) 

Here (,) denotes the standard Hermitian product on C n+1 and | | denotes 
the associated norm. It is known |12) that the harmonic sequence tpi where i e Z, 
terminates at one end if and only if it terminates at both ends. If this happens, 
we say that each element of the sequence is superminimal and it is customary 
to consider the range for the indices starting at the holomorphic element of 
the sequence, that is, ytpj) ._ Q denotes the harmonic sequence generated by tpo. 
This holomorphic map is usually named in the literature as the directrix curve 
associated to any of the harmonic maps ipj referring to the terminology adopted 
when dealing with harmonic 2-spheres in S' 2m (cf. [T]). 



djj> 
dz 



df P 



dz 
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If ip m — [f m ] for some harmonic map f m :S—>S n , then we can consider f m 
as a nowhere vanishing global holomorphic section of Lq so that the sequence 
of meromorphic sections fj will also satisfy the condition: 



fm+k - {- l ) k \frn+k\ 2 ' frn-k- (5) 

In particular, 



\fm+k\\fm-k\ = 1- (6) 

Note that in this situation, the element ipo will necessarily be in the middle 
of the sequence, that is n — 2m, because f m +k = if and only if f m -k = 0. 
Moreover, © and |/ m | = 1 implies 

did d 

d z f m = f m+ i. (Notation d z := — = -( — - i— )] (7) 

Definition 1 We say that a map from a Riemannian manifold N into CP" is 
linearly full, when its image is not contained in any complex space form CP k 
for k < n. 

If the Riemann surface is homeomorphic to the sphere S 2 then Wolfson [TB] 
shows that the corresponding complex line bundles are mutually orthogonal 
and consequently the harmonic sequence terminates, that is, all the harmonic 
2-spheres of CP™ are supcrminimal. Moreover, in this case, the length of the 
sequence achieves its maximum, n + 1, if and only if ip is linearly full. 

A detailed discussion of the holomorphic curves of a complex projective space 
can be found in 13 (pages 263-268), but here we describe some material on this 
topic to be used in this article. 

Let ip(z) = if( z )] '■ S — > CP™ be a holomorphic curve from the Riemann 
surface S into CP™, where f : S —> C ri+1 \ {0} is a local holomorphic lift of ip. 
Then the j^-osculating curve of ip is the holomorphic curve Oj : S — >• CP nj 
( where rij := ] — 1) defined by 

a j (z) = [fA...AfW](z), 

where = and j = 0, n — 1. 

A higher order singularity of ip is a point p g S which is a singularity for 
some j t,l -osculating curve (j = 0, 1, .., n — 1). The ramification index of o-j at 
a point p is the order r J+ i of this point as a zero of the derivative of the curve 
o-j. 

Thus, the holomorphic curve ip is said to have singularity type (ri, T2, , .., r n ) 
at the point p. 

If S is a compact Riemann surface, then the curve ip has a finite set — 
{pi, .-,Pk} of higher order singularities. We shall denote by Rj+i the sum of the 
ramification indices of Oj at each singularity, that is, 



R]+i=^Z r ]+i{Pi) (8) 
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and we shall refer to Rj+i just as the ramification index of o~j. Moreover, we 
can define the total ramification index of ip as the sum Ylj=i Rj- 

Then, we shall say that the holomorphic curve ip or any element of its cor- 
responding harmonic sequence has singularity type (ri(p), . . . ,r n (p)) at the 
point p and has total singularity type (R\, . . . , R n )- 

The curve if) is totally unramified when its total ramification index is zero. 
Otherwise, ip is said to be fc-point ramified if the set has cardinality k. 

In terms of a local complex coordinate z for S centred on p, that is z(p) = 0, 
it is possible to determine a basis {vq, ..,v n } for C' i+1 in such a way that the 
holomorphic map / can be written in the normal form 

n 

/(z) = ]Tz fc «+-+ fc *M^K (9) 

where ko = 0, fc,- = riip) + 1 (j = 1, . . . ,n) and hi(z) denotes a holomorphic 
function satisfying hi(0) ^ 0. 

If ip : S 2 —> CP" is 2-point ramified, then we can find a local complex 
coordinate for S 2 so that the higher order singularities of ip (if any) occur at 
z = and z = oo. Indeed, this follows from the fact that the Mobius group of 
conformal transformations of the 2-sphere acts triply transitively on S 2 . 

We observe that ip is a holomorphic map between algebraic varieties, since 
S 2 = CP 1 , and so ip is an algebraic map (c.f. [13]), that is / is a rational 
function. Without loss of generality, we may assume / to be a C n+1 -valued 
polynomial function. 

Definition 2 We say that a harmonic map if) : S 2 -> CP" has S^-symmetry 

if there exists non-trivial S 1 -actions on S 2 and CP", where the action on CP" 
is by holomorphic isometries, such that for all z £ S 2 , 

iP(e if) z) = e'V(z). 

We are now able to state the main results ([4], [7]) to be used in the following 
sections, which are concerned with the characterization of the fc-point ramified 
harmonic 2-spheres of CP" for k < 2. 

Theorem 1 Let ip : S 2 — > CP" be a linearly full harmonic map with S 1 - 
symmetry. Then there exists a holomorphic coordinate z on S 2 such that the 
directrix curve tpo = [fo] of ip can be expressed up to holomorphic isometries of 
CP" by 

n 

fo(z)=Y,z kl+ - +kp v P , 

where {vq, . . . , v n } is an orthogonal basis o/C" +1 and the scalars kj are positive 
integers. Furthermore, ip is either totally unramified or 2-point ramified. In 
the latter case ip has singularities at z = and z — oo with corresponding 
singularity type at z — and z = oo given respectively by (k\ — 1, . . . , k n — 1) 
and (fc„ — 1, . . . , k\ — 1). 

Theorem 2 Let ip : S 2 — > CP" be a linearly full harmonic map which is k-point 
ramified for k < 2. Let z be a complex coordinate on S 2 , then 
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(i ) The higher order singularities of ip (if any) occur at z = and 
z = go if and only if its directrix curve ipa(z) = [fa(z)] can be 
written in the form 

n 

f (z) = J2z kl+ ~ +kp v P , (10) 

where the scalars kj are positive integers and the vectors Vj con- 
stitutes a basis of C" +1 . Furthermore, ifi has S 1 -symmetry (with 
fixed points of the S 1 -action at z = and z — oo ) if and only if 
the basis {vq, . . . , v n } is orthogonal. 

(ii ) ip(S 2 ) C RP™ and one of the conditions (and so both) in the first 
equivalence stated in (i) occurs if and only if n = 2m for some 
integer m and the following properties are satisfied. 

kj = kn-j+i for i,j e {l,...,n}, (11) 

(vj,Vi) = (-lyS^^fiXj, fori,je{0,...,n}, (12) 

Ui< r < s <„(k r +...+k 3 ) 



where \x is a constant and \j :— 



The constant /i in the theorem can be chosen to be 1 by rescaling the homo- 
geneous coordinates of CP™. However, we will avoid this in order to facilitate 
our calculations later on when determining examples of superminimal almost 
complex curves. 

Remark 1 The theorem above shows in particular that there does not exist a 
1-point ramified linearly full harmonic 2-sphere in CP™. 

Definition 3 Two maps ip,ip : S — > CP™ are said to be projectively equivalent 
if there exists [A] € PGL(n + 1, C) so that ijj = [A](ip). 

Corollary 1 Any two k-point ramified (k < 2) linearly full harmonic maps 
ip,ip ■ S 2 — > CP" with the same singularity type are projectively equivalent up 
to a conformal transformation of S 2 . 

Proof: 

According to Theorem ([2]) these curves are uniquely determined by their singu- 
larity type and a choice of basis for C™ +1 . Thus, item (i) of that theorem shows 
that the corresponding directrix curves differ by an element of GL(n + 1, C). © 

2 The twistor fibration tt : Q 5 ->> S 6 

Let Q 5 denote the quadric of CP 6 , which is the Kahler submanifold defined 

Q 5 = {[x] e CP 6 such that (x, x)=0}, 

where (, ) denotes the symmetric bilinear Euclidean inner product on C 7 given 
by (x,y) = (x,y). 

The twistor fibration tt : Q 5 S e is defined by the map 

7r([x]) = - — —X X X. 
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Where the cross product (C 7 , x) we are considering here is given in [B] and we 
shall also be using its main properties presented in that reference. 

We shall see in the next section that the superminimal almost complex curves 
of the 6-sphere can be characterized as the projections of a special type of holo- 
morphic curves of this quadric. This led us to investigate what is the group of 
holomorphic transformations of the quadric which preserves the superhorizontal 
distribution to be defined ahead. 

Although 7r is not a Riemannian submersion, it is quite close to that as we 
shall see below. Moreover, the fact that tt can be easily expressed in terms of the 
cross product x on R 7 (extended C-linearly to C 7 ) yields some good methods 
to investigate properties of any lifting. 

The exceptional Lie group Gi acts transitively on the manifolds Q 5 and S 6 
in such a way that these manifolds can be realized also as the homogeneous 
spaces GijU{2) and G-2,jSU(2>) respectively. By considering these homogeneous 
spaces, it is possible to show that the twistor fibration just defined is nothing 
but the canonical projection of the first space onto the second one. 

We can write any element of Q 5 as [x] = [a — ib) where a and b are orthonor- 
mal vectors of R 7 . In this case ir reduces to 

ir[x] = axb. (13) 

Remark 2 It follows from the characterization of G2 as the group of automor- 
phisms of (R 7 , x) that the map ir is G2-equivariant, that is, ir[gx] — g(ir[x]) for 
every g £ G2 ■ 

Using the Hopf fibration H : S 13 -> CP 6 , we have for each x £ S 13 C C 7 , 
an isomor phism dH x : T' X S 13 -> T [x] CP 6 . Where the horizontal space: 

T' X S 13 = {v £ C 7 such that (v,x) = 0} = {ix}^ 

induces the natural decomposition T X S 13 — span^{ix} (B T' X S 13 and it yields 
also the isomorphism: 

T[ X ]Q 5 = {v £ C 7 such that (u,i) = and (v,x) = 0.} 

From now on, we shall be identifying these tangent spaces with the linear 
subspaces of C 7 mentioned above with no further reference. Using the definition 
of 7r we have 

i 

TT*\[x]{v) = 7o-(x X V - X X v). (14) 

\x\ z 

Thus, the vertical distribution on Q b defined as the kernel of 7T* is given by 
the set of those tangent vectors v £ T[ X ]Q 5 such that the imaginary part of x x v 
is zero. However, writting v — c + id, using the notation 3 and 5ft to denote the 
imaginary vector and real vector parts in R 7 of a vector in C 7 , we have 

$$(x x v) x d = (d, d)a — (b x c) x d = —?R(x xv)xc 
^s(x x v) x c = (c, c)b — (a x d) x c = x v) x d. 

In order to obtain the equations above, we have used the ordinary property: 

u x [v x w) + (u x v) x w = 2(u, w)v — (u, v)w — w(v, u). 
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Thus, 3(x X v) = if and only if x v) = which implies that the vertical 
distribution is characterized by 

V[ x ] = Kern* = {»£ T[ X ]Q 5 such that x xv = 0}. (15) 

We should also note that Vua is an isotropic subspace of Tj^jQ 5 , since we 
have for any v € Vm : 

= v x (x x v) = 2(v,v)x. 

This yields a distribution of isotropic subspaces H' := V of the horizontal spaces 
H = V , which we henceforth will name as the superhorizontal distribution. 
It follows then from (TT5|) that this vector space is characterized at [x] by: 

H' = {v e T [x] Q 5 such that x x v = 0}. (16) 

Incidentally, looking at the point vo = tt[x] E S 6 as a real vector of C 7 , it is 
clear that vq € T^Q 5 . Moreover, vq is a horizontal vector because we have for 
any vertical vector v G V 

(tt[x], v) = (x x x,v) — — (v x x, x) = 0. V v S V. 

Furthermore, the equation above also shows that vq is orthogonal to H' . Thus, 
using the 1-dimensional complex space D spanned by vo, we can split the hori- 
zontal distribution as follows. 

H = D®H'. (17) 

We shall investigate now how far the map tt is prevented from being a holo- 
morphic Riemannian submersion, by looking at its behaviour concerning to 
length-preservation and C-linearity of its differential. We split these properties 
into two lemmas. 

Lemma 1 tt* is length-preserving in H' and it reduces the length by a y/2-factor 
in D. 

Lemma 2 tt* is C-linear in H' and it is C- anti-linear in D. 

We have that G2 acts on Q 5 as a transitive group of isometries which preserve 
horizontal subspaces. Hence it is enough to show both Lemmas at the point 
x — e\ + ie§. In this case, we have tt([;e]) = e^ and the vertical subspace is given 
by V[ x ] = span c {e 2 + ie 6 , e 3 + ie 7 } and H' = V[ x y 

Proof of Lemma ([1]): The restriction d^H 1 is length preserving as for 
v = 62 — icq or v — 63 — ie 7 we have \v\ = \x\ = \J~2~ giving ||u|| = 2 in the 
Fubini-Study metric and dir(v) — 2e-j or 2e6, giving |d7r(w)| = 2 = ||u||. 

The restriction dTr\u is reducing length since |e 4 | = 1, |x| = \f2 so ||t>|| = 
^ = v2 in the Fubini-Study metric and dTr{e/^) = —e\ has length |rf7r(e4)| = 

|ei| = 1 = -^||e4||. So dir reduces lengths by the factor \/2. Q 
Proof of Lemma ([2]): The map dTr\u' is complex linear, since for v = 
— or v — es — ie-j we have dir{iv) — JdTr{v) = e^x dn(v). 
The map dTr\o is complex anti-linear, since d-K^e^) — —JdTr{e^) = —e^ x 

d7r(e 4 ). O 
Hopf hypersurfaces of space forms have been studied in |15j and the twistor 

fibration presented here, can provide a way to study this type of hypersurface 
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in the quadric Q 5 . The results above show that although n is not a Riemannian 
submersion it is not so far from this. Consequently, we can ask whether the lift 
M = tt (M) of a Hopf hypersurface M of S 6 is also a Hopf hypersurface in Q 5 
or not. However, it is not hard to see that the horizontal lift of a normal vector 
field on M__cannot lie either in the distribution D or in H' . This fact makes 
clear that M cannot be a tubular hypersurface. Furthermore, the decomposition 
(|17p of the horizontal distribution makes it rather complicated to work with the 
Riemannian connection of Q 5 . 

We shall see later on in this article that the superminimal almost complex 
curves of S 6 are in 1-1 correspondence with the holomorphic curves of Q 5 which 
are tangential to the superhorizontal distribution. This motivates us to deter- 
mine what is the group of holomorphic transformations of Q 5 which preserves 
the superhorizontal distribution. 

Let us consider the Lie group Hi = {XI £ GL(n + l, C) : A € C*} and its Lie 
subgroup H 2 = {XI g SO(n + 1, C) : A 6 C and A™ +1 = 1}. It is well known 
(for instance, [13] page 65) that PGL(n + 1, C) = GL(n + 1, C) /Hi is the group 
of holomorphic transformations of CP". The following lemma is easy to prove. 

Lemma 3 SO(n + 1, C)/H 2 is the group of holomorphic transformations of the 
quadric Q"^ 1 . 

In the next proposition we will need the following elementary properties of 
the distributions D,H' and V. 



D [x] 


= D[x] 


Hi , 

[x] 


= % 


v [x] 


= H 'm 



Remark 3 Let G 2 be the group of automorphisms of (C 7 , x). It is clear from 
the definition of G 2 and the characterization of the superhorizontal distribu- 
tion given in (|16p . that G 2 is a Lie subgroup of SO(7 ,C) and it preserves the 
superhorizontal distribution. 

A G2-basis (or canonical basis) of R 7 is an orthonormal basis {fi, . . . , fr} 
of R 7 satisfying the relations: / 3 = /i x / 2 , f 5 = f x x f 4 , f 6 = f 2 x / 4 , f 7 = f 3 x f 4 . 
Hence, if fi,f 2 ,f4 are orthogonal unit vectors such that f& _L f\ X f 2 then 
/ij/2,/4 determine a unique G2-basis subject to the relations fi x (fj x fk) + 
(fi x fj) x fk = 2S ik fj - Sijfk - Sjkfi- Every G 2 -basis will have the following 
multiplication table 



fi x fj = 



i\j 


1 


2 


3 


4 


5 


6 


7 


1 





h 


-h 


h 


-h 


-h 


h 


2 


-fa 





fi 


h 


h 


-h 


-h 


3 


h 


-fl 





h 


-h 


h 


-h 


4 


-h 


-h 


-h 





fx 


h 


h 


5 


h 


-h 


k 


-fx 





-h 


h 


6 


h 


h 


-h 


-h 


h 





-h 


7 


-ft 


h 


h 


-h 


-h 


h 






For any two G2-bases {/i, . . . , f?} and {/i, . . . , f 7 } there exists a unique g e G 2 
such that gfi = fi (we simply define g by gfi = fi and check that it is in G 2 ). 
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Also g € G 2 mapping e\, . . . , e-? to fi, . . . , fj can be represented by the matrix 

(/i|...|/7)G50(7) 

(with respect to the standard basis e±, . . . , e 7 ). Further details on G2-basis can 
be found in [5]. 

Proposition 1 The group G of holomorphic transformations of Q 5 which pre- 
serves the superhorizontal distribution is G 2 . 

Proof: 

In accordance with the remark ^ above, we have G 2 C G. Let [g] be an 
arbitrary element of G, that is, [g] € SO(7,C)/H 2 . Thus +g or — g lies in 
SO(7, C). By assumption we have for every [x] G Q 5 and v £ Hi, that 

gx x gv = 0. (18) 

We shall first observe that ~g also lies in G. Indeed, given v e HLi we have 
v E Vr„i = iJ4 and hence 



gx x gv — gx x gv = 0. (19) 

The superhorizontal subspaces at the points [xq] = [e-\ — ie§\ and [x\] — [e\— ie^\ 
are H[ Xo } — span c (e 2 + ie 6 ,e 3 + ie7) and H[ X1 ] = spanc(e7 + ie 2 , e 3 + ze 6 ) respec- 
tively. If we then apply (fTgj) and (ITTJ1) to these vectors at their corresponding 
points, we obtain 

gei x ge 2 = ge 4 x ge 7 = ge 6 x ge 5 (20) 
gei x ge 3 = ge 6 x ge 4 = ge 7 x ge 5 (21) 
gei x ge 6 = ge 5 x ge 2 = ge 4 x ge 3 (22) 
gei x ge 7 = ge 5 x ge 3 = ge 2 x ge 4 (23) 

The vectors {gei, .., ge{\ are orthonormal with respect to the Euclidean product 
(, ) in C 7 since 

(gei,gej) = (ge^gej) = (ffVi.ej) = %. 
Recalling that (* x *, *) is skew-symetric, we see that 

(get x ge 3 ,gej) = 0. 

Thus it follows from (|20|) that gei x ge 2 = ±ge 3 . 

If ge± x ge 2 = ge 3 then we can use directly (|2"Tj) . (f2"2"j) and (|2"3")l to show that 
{gei, ..ge 7 } is a G2-basis for C 7 and hence g € G2 ■ 

Similarly, if gei x ge 2 — — ge 3 then we can repeat the same process above to 
deduce that — g € G2 . Q 



3 Superminimal Surfaces in S 

Definition 4 Let S be a Riemann surface. We say that a smooth map f : 
S — > S 6 is an almost complex curve of the nearly Kahler S e if /* is complex 
linear. 
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Therefore, using a local complex coordinate z — x + iy for S we can characterize 
these curves by 

d y f = f x d x f. (24) 

It follows that almost complex curves of S e are weakly conformal maps 
which are also harmonic maps because if we differentiate again (|24[) , we obtain 
/ x (d xx f + dyyf) = 0, yielding that d xx f + d yy f is normal to S 6 , and hence / 
is harmonic in accordance with . 

Therefore an almost complex curve / : S — » S e determines a harmonic 
sequence of maps ipk '■ S — » CP 6 so that ipg = [/]. Using this sequence and 
some invariants associated to their elements, a full classification of these curves 
was obtained in [6] according to the following four types: 
(I ) Linearly full in S 6 and superminimal, 

(II ) Linearly full in S 6 but not superminimal, 

(III ) Linearly full in a totally geodesic S 5 in 5 6 , 

(IV ) Totally geodesic. 
A result of Bryant [5] highlights the importance of the Type-I almost complex 
curves of S 6 . Bryant has shown that every compact Riemann surface of any 
genus can be realised as such an almost complex curve of the 6-sphere. 

In this section we shall obtain explicitly all the 0-point and 2-point ramified 
linearly full almost complex 2-spheres of the 6-sphere. This is done by using the 
normal form for such surfaces as given by Theorem @ ■ 

In particular, we will also prove that these surfaces are uniquely determined 
by their singularity type up to Gf-equivalence of their directrix curves. It is 
worthwhile mentioning here that a similar result in the more general situation 
of harmonic 2-spheres of S n and CP™ has been obtained in [5] but replacing, of 
course, the group G2 by SO(n + 1, C). 

Proposition 2 Let f : S — > S e be a linearly full superminimal almost complex 
curve. If (4>j = [fj]) ._ is the harmonic sequence corresponding to the harmonic 

map tp3 = [fs] = [f] then the meromorphic local sections fk '■ C — > C 7 have the 
following multiplication table for /j x fj , where the cross product x is extended 
C-linearly to C 7 : 



i\j 





1 


2 


3 


4 


5 


6 














-ifo 


-2ifi 


-2if 2 


-ih 


1 








ifo 


ifi 





-ih 


-ifi 


2 





-ifo 





ih 


ih 





-ifs 


3 


ifo 


-ifi 


-ih 





ifi 


ih 


-if e 


4 


2</i 





-ih 


-ifi 





2ife 





5 


2tf 2 


ifs 





-ih 


-2if 6 








6 


ih 


ifi 


if 5 


ife 












(25) 



Furthemore, the following relation holds 

\U\ 2 \M 2 = 2|/e| 2 . (26) 
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The linearly fullness and superminimality conditions can easily be used to 
calculate as in [5] both the condition (|2l)]) and the following products: fa x / 4 = 
ifii fa x fa = an d fa ~X fa = —ife- Then all the other products can be 
obtained by taking derivatives ^ and J= and the properties given by formulae 
©, © and ©. 

Remark 4 is worth mentioning that the condition (|26[) characterizes the 
linearly full superminimal almost complex curves of the 6-sphere ( cf. '61 ) in the 
sense that a weakly conformal harmonic map f : S — > S 6 is O (7) -congruent to 
a linearly full superminimal almost complex curve if and only if (|26|) holds. 



We say that a map ip from a Riemann surface S into Q 5 is superhorizontal 
if at each point of S, ip* takes values in the superhorizontal distribution. We 
shall recall now the 1-1 correspondence (cf. [2! ) between superminimal almost 
complex curves in S 6 and holomorphic superhorizontal curves in Q 5 . We intend 
to make use of this correspondence later on in this article in order to work out 
explicit examples of superminimal 2-spheres of S e . 

By using (|16p . the superhorizontal condition of ip = [/] can be described 
analitically as follows. 

ip is superhorizontal fa\ p (T p S) C T[f( P )]Q 5 '■ I x v = 0} 

/x/*(a 7r +67 F ) = Va,kM 
^ /x/ 2 = and fxfa = 0. 

thus a holomorphic map i/j : S —> Q 5 is superhorizontal if and only if 

/x|=0. (27) 

As a consequence of this characterization, The theorem below is proved by 
Bryant in [9 and Bolton at al have given a tidy treatment in [2]. 

Theorem 3 A map g : S — > Q 5 is linearly full, holomorphic and superhori- 
zontal if and only if ip = ff(g) : S — > S 6 is a linearly full superminimal almost 
complex curve in S 6 with directrix curve g where ir denotes the twistor map from 
Q 5 onto S 6 . 

Here we can prove the following characterization for almost complex curves 
in S in terms of their directrix curves. 

Theorem 4 Let f and f be linearly full almost complex 2-spheres of S 6 . Then 
their directrix curves are projectively equivalent if and only if they are also G?? " 
equivalent. 

Proof: 

(^) 

The converse in the theorem is obvious since G 1 ^ is a subgroup of SO(7,C). 
(^) 

Let (tpj = [/j])j = o denote the harmonic sequence corresponding to the harmonic 
map [/] and let ipo denote the directrix curve of the harmonic map [/]. By 
assumption there exists an element [A] E PGL(7,C) such that ipo = [Afo]. 
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It is shown in [5] (Theorem 3.3) that two linearly full harmonic 2-spheres of 
S 2m are projectively equivalent if and only if they are SO(2m+l, C) -equivalent. 
Thus we can assume in our particular case here that A lies in 50(7, C). 

According to theorem ^ the map Afo : S 2 — > C 7 is holomorphic and 
superhorizontal and hence 

Af xAf = 0. (/^ = f) (28) 

We shall make use in the sequel of the following properties satisfied by the 
functions (aj)^_ defined by equation ([3]). 

a 3 = 0. Follows from ©, 

otj = —ae-j. Follows from (J6j) , (29) 
0^6 = a 5 + a 4- Follows from (12T5)) . (30) 

We differentiate (JUJ) with respect to z and use (O, obtaining in this way the 
cross product between different vectors Afj. By repeating this process we can 
derive some relations among the cross product of the vectors Afj , namely 

Af x Ah = (31) 

Af xAf 2 = (32) 

Ah-x-Ah = -Af ± xAf 2 (33) 

AfoxAf 4 = -2AhxAf 3 (34) 

Afo x Af 5 = -2Af 2 x Af 3 - ZAh x Af 4 (35) 

Ah x Af 6 = ~5AhxAf 4 -4AhxAh + 3a 5 AhxAh. (36) 

As A e SO{7, C), it follows from © that 

(Ah, Ah) = (Af^Afj) 

= (A'AfiJJ 

= (fijj) 

= (-m,6- r (37) 

The vectors {Afo, . ■ . , Afo} form a basis for C 7 since A £ SO(7, C). Thus, from 
(|33p we see immediately that Afo x Ah can be written as the linear combination: 

Afo x Ah = a Afo + bAf x + cAf 2 . 

But if we take the cross product of this equation with Af 2 and Af\, then it 
follows that b = c = 0. Indeed, 






= Af 2 x (Afo x Af 3 ) 


use 






= bAf 2 x Ah 


use 


(EH) 




= b(Af xAf 3 ), 


use 






and 









- Afi x (Af x Af 3 ) 


use 






= cAh x Af 2 


use 


m 




= -c(Af x Af 3 ). 


use 


d33} 
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On the other hand, if we also take the cross product with Afe, we see that 
a = ±i. Indeed, 

a(Af x Af 6 ) = -Af B x {Af x Af 3 ) 

= (Af 6 x Af ) x Ah - Af 3 , 

and the Euclidean product of this with Afo gives: 

-1 = a(Af xAf 6 ,Af 3 ) 
= -a(Af xAf 3 ,Ah) 
= -a 2 (Af ,Af 6 ) 



Let us first assume the case Afo x Af 3 = —iAfg. Then yields Afi x Af 3 = 
iAfi, indeed 

-2Af x xAf 3 = Af xAf 4 

= i(Af x Af 3 ) x AU 
= -i(Af x Afi) x Ah 
= 2i(Ah x Af 3 ) x Af 3 
= -2iAf x . 

Thus from (|3^|) we get 

Af x Ah = -2iAf x . 

And this yields: 

Afi x Af 4 = |(4fo x Af 4 ) x Ah = 0. (Using J2D). 

Now, by using the equations ([25)1 (I3T1) , we can carry on with this process to 

determine all the cross products of the vectors {Af , .., Af 6 } and to verify that 
they satisfy the multiplication table (|25p in the following sense 

A(h x h) = Ah x Af r 

Therefore, A is an element of since {/o, .., h} is a basis for C 7 . 

In the other case to be considered, that is, when Afo x Af 3 — iAfo, we 
can use the same procedure as above to prove that —A £ G^- However, this 
contradicts our assumption that A £ SO(7,C). Q 

Let / : S 2 —> S 6 be a fc-point ramified (k < 2) linearly full almost complex 
curve and let ipj = [fj] (j = 0, . . . , 6) denote the harmonic sequence correspond- 
ing to the harmonic map ^3 = [h] = [/]■ Then according to Theorem ([2]), we 
can find a local complex coordinate z for S 2 and a basis {vq, ..,vq} for C 7 , so 
that the directrix curve ipo = [/o] can be expressed by: 

fa =v + z k 'v x + z k ^v 2 + z kl+k2+k3 v 3 + 

Using the mcromorphic sections fj we can choose a particular orthonormal 
basis {uo, . . . ,uq} for C 7 so that each vector Uj spans the same complex line 
bundle as fj. Indeed, as for z ^ the function jy 2 -^ takes values in the sphere S 13 
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then for each j £ {0, . . . , 6}, by compactness, there exists a sequence Wj k i-> 
so that we have 

lim TTT^j*) = u 3 ( 39 ) 

fcl-^OO \Jj\ 

Now, we can notice that the vectors Uj are not obtained by orthonormaliza- 
tion but the triangular display below appears naturally from manipulation of 
equations (|38[) and (1391) . For example, the second equation is obtained in the 
following way: 

fx + aofo = ^ = k 1 z k '- 1 v 1 + ... (40) 

Consequently, we obtain a vector function p(z) satisfying lim z _j.o p( z ) = and 

\fx(Wjk)\u\ + a \fo(w jk )\u = k 1 (w ]k ) kl ~ 1 .[v 1 + p{w jk )} 

and hence v\ is a linear combination of the vectors u\ and uq. Similarly, by 
differentiating successively equation (|40p . we obtain the following triangular 
shape: 

WO = fl(o,o)Mo 

Vi = a (1 , 0) M + 0(i,i) rxi 

V2 = a ( 2,o)Mo + a (2 , 1) Mi + a (2 _ 2) w 2 

V3 = a (3 , 0) ix + a (3 , 1) Mi + a (3i2) M 2 + a<3,3)"3 

«4 = 0(4,0)^0 + 0(4,1)1*1 + «(4,2)M2 + a (4 ,3)U3 + a (4A) U 4 

V5 = 0(5,0)^0 + Ofs.ijixi + a (5i2) M 2 + a ( 5,3)"3 + a ( 5,4)W4 + a (5i5) u 5 

«6 = a i6 ,o)U + a C6 ,i,Ui + a (6 _ 2) w 2 + a (6 ,3)U3 + a (6 , 4) u 4 + a (6i5) u 5 + a (6-6) u 6 

where the scalars (a^,.,-)) appearing in the linear combinations are complex num- 
bers. 

From and Proposition @ we can easily determine the cross product of 
the vectors Uj and consequently also of the vectors Vj. Namely, the vectors Uj 
have the following multiplication table for Ui x uf. 



Ai 





1 


2 


3 


4 


5 


6 














-iu 


— i\[2u\ 


— iv / 2it 2 


-MX 3 


i 










iu\ 





-iu 3 


— i\/2w4 


2 





—i\/2uQ 





iu 2 


iu 3 





— iy/2u§ 


3 


iu 


—iu\ 


—iU2 







tu 5 


~iu 6 


4 







-iu 3 







i\/2u% 





5 


is/2u2 


iu 3 





-lUr 


— i\/2uQ 








6 


iu 3 


iy/2u4 




iu 6 












Now, we notice that the coefficient a (6 , 6 ) must be non-zero since / is linearly 
full and also /q is a holomorphic superhorizontal curve because of the charac- 
terization given in Theorem ([3]). These facts together with equation (|2"7|) . give 
us a cumbersome but straigthforward calculation to determine the following 
example. 

Example 1 Let {ei, . . . , e?} denote a G2-basis for R . Lei fci, fc 2 denote posi- 
tive integers. Then the holomorphic map ipo = [fo] '■ S 2 — > CP 6 , determined by 
the polynomial fo(z) = Ylj—i a j( z ) e j where the aj(z) are given by 
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„ f~\ _ 3y / 30fc 2 (fc 1 + fc 2 ) ki+k* , V30 ,3fc!+fc, 
«H Z J - (3k 1 +k 2 )(2k 1 +k 2 ) z 2 ' 

„„(,.\ _ 15\/3fci fc 2 fc! , /o 3fe 1 +2fc 2 

a 2\ z ) — ( 3 k 1 +2k 2 )(2k 1 +k 2 ) Z +VOZ ' 

„ f_\ _ i45-/2fcifc|(fci+fc2) | ■V2„4fc 1 +2fc 2 

" 3 W ~~ (3/ci+2fe 2 )(3fci+fc 2 )(2fei+fe 2 ) ;i f 4 2 ^ ' 

a 4l z J - 2k±+k 2 Z 

n t~\ _ • 3\Z30fc 2 (fci+fe 2 ) fei+fe , ■• 730 3fc] + fc? 
«5k^; — * (3fci + fc 2 )(2fci+fc 2 ) + 4 2 Z ' 

n./'-l — ■ lSy^fcifca fc, , ■ /o 3fei+2fc 2 

«61*J — i (3fc 1 +2fe 2 )(2fe 1 +fc 2 ) Z +1V °^ ' 

„ f,A 45y / 2fc 1 fc^(fci+fc 2 ) VI r 4fci+2fe 2 

"7v z ; (3/£i+2fe 2 )(3fei+fe 2 )(2fei+fc 2 ) 2 "T" 2 Z ' 

is tfte directrix curve of a linearly full S l -symmetric almost complex 2-sphere in 
S e with the same singularity type (fa — 1, fa — 1, fa — 1, fa — 1, fa — 1, fa — 1) at 
z = and z — oo. 

Theorem 5 Let / : S" 2 — » S 6 fee a k-point ramified (k < 2) linearly full almost 
complex curve with any singularities at z = and 2 = oo. Then for a suitable 
choice of complex coordinate on S 2 , the harmonic map [f(z)} : S 2 — > CP 6 has 
the same singularity type (fa — 1, fa — 1, fa — 1, fa — 1, fa — 1, fa — 1) at z = and 
z = oo. Moreover, the directrix curve of f is G 2 -equivalent to the S 1 -symmetric 
curve given in the Example ([TJ. 

Proof: 

Let : S 2 — > (J 5 given by ^0(2) = [/o(z)] be the directrix curve of the map 
[f3(z)} = [f(z)}. The first part of the statement follows from item (ii) of Theorem 
@ and the following observation. 

By comparing the exponents of the variable z appearing in the polynomial 
/ x fz = 0, we obtain the symmetry fa — fa in the singularity type. 

Now, we can use the condition given by the equation (|27l) together with the 
multiplication table for the products Ui x uj in order to determine the vectors 
(vj ) in a more simplified way in terms of the vectors Uj , and expressed only in 
terms of the 8 complex parameters r\ — 0(4,4), r 2 = 0(5,4), r 3 = 0(6,3), r 4 = 
0(6,4) 5 rg = 0( 6)5 ), r 6 = a( 6 ,2), r 7 = a( 6 ,i), r 8 = a( 5i5) , in the following way: 

_ k 1 kl(k 1 +k 2 )rlrl 
U ° - (3fe 1 +2fc 2 )(3fei+fc 2 )(2fe 1 +fc 2 )2 "0, 

W l = (3fc 1 +2tT(2fc 1 +fc2) ( r5 "° + 

W 2 - ( 2 t 2 1 +fc 2 H )(3fc?+fc 2 ) (( r2r5 _ r 4 r ») U + r 2U! + r 8 M 2 ), 
V3 



jt^(V2r 3 u Q + 2r 4 ni + 2r 5 w 2 + V2u 3 ), 



''4 



= ^((V2r 3 r 5 - 2r 6 )u + (2r 4 r 5 - V2r 3 ) Ul + 2r 2 u 2 + 2V2r 5 u 3 + 2it 4 ), 
«5 = (^r 2 r 3 r 5 - ^r 3 r 4 r$ + r 7 r$ - r 2 r 6 )u a + (r 2 r 4 r 5 - y 2 ^r 2 r 3 - r|r 8 )iti 



+ (^r 2 - ^r 3 r 8 - r 4 r 5 r s )u 2 + V2(r 2 r 5 - r 4 r 8 )u 3 + r 2 u 4 + r 8 u 5 , 
Ve = (^5^7 + \r\ - r 4 r 6 )u + r 7 u x + r 6 u 2 + r 3 u 3 + r 4 u 4 + r 5 u 5 + u 6 . 

By Corollary (TIJ we can assume / to be S 1 -symmetric. Theorem © shows 
that the S' 1 -symmetric linearly full almost complex 2-spheres are characterized 
by the orthogonality of the vectors (Vj) and hence according to the formulae 
above we must have r 2 = . . . = r 7 = 0. Thus, the directrix curve is described 
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by the 2-parameter family 



, . fcife|(fci +fc 2 )r 2 rf fcifcgrfrg fcl 

MZJ (3fc 1 +2fc 2 )(3fc 1 +fc 2 )(2fc 1 + fc 2 ) 2U0+ (3fc 1 + 2fc 2 )(2fc 1 + fc 2 ) Z Ul 
fc 2 (fci + fc 2 )nr| fcl+fc2 /g fc 2 rir 8 2fcl+fc 

+ r 1 z 3fel+fc2 U4 + r 8 z 3fcl+2fc2 M5 + z 4fel+2fe2 M6 . 

Now, we shall apply a suitable conformal transformation to the domain and also 
apply an appropriate element of G 2 to the co-domain in order to prove that / 
is indeed equivalent to the curve given in the example above. 
Let r be a complex root for the equation 

r 2kl+k2 r irs = VOO. (41) 

Then we shall consider the conformal transformation z <— > rz, and the element 
AeG 2 defined by 



Au := A Ul := Au 2 := {-^^—,)u 2 , 

Au z := ( r(2kl ^ )rirs )u 3 , Au 4 := ( r , (3t ^? 2)ri )u 4 , Au 5 := ( r(3fcl tE 2)r8 )u 6 , 
^"6 := ( r (4 fcl +2fc 2 ) ) M 6- 

Using pij) and the multiplication table f4"Tj) for the vectors we deduce that 

A(ui x Uj) = Aui x Auj, 

which implies that A € G 2 . Thus, the holomorphic curve A/o is reduced to 

At ( ) — 90fcifc 2 2 (fc! +k 2 ) 15V6fc!fc 2 fci 

/0lZj (3fc 1 + 2fc 2 )(3fc 1 + fc 2 )(2fc 1 +A :2 ) 2Uo+ (3fc 1 +2fe)(2fc 1 +A :2 ) Z Ul 
, 6yi5fc 2 (fc 1 + fc 2 ) zfcl+fc2M2 + ^ 6V5fc 2 2kl+k2u3 



(2fci + fc 2 )(3fci + fca) (2fei + fc 2 ) 

2 «6 



Using again that multiplication table we can also deduce by straigthforward 
calculations that the vectors ej € R 7 (j = 1, . . . , 7) defined by 
uq = ^{~e 7 + ie 3 ), m = ^(e 2 - ie 6 ), u 2 = ^(-ei + ie 5 ), u 3 = e 4 , 
"4 = ^|(ei + «e 5 ), u 5 = ^(e 2 + ie 6 ), w 6 = ^(e7 + ie 3 ), 

form a G 2 -basis for R 7 and the holomorphic curve Afo(z) is written in terms of 
this basis exactly as the one we gave in the example. Q 

Corollary 2 If H°'° is the space of linearly full totally unramified almost com- 
plex maps of S 2 into S 6 then H a o = Gf . 

Proof: 

Indeed, this follows from the theorem above and the fact that the harmonic 
sequence corresponding to a harmonic map [/], where / £ H 0,0 , is uniquely de- 
termined by its directrix curve. Some care is required here since the composition 
of / with the antipodal map of S 6 gives also a harmonic map with that same 
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directrix curve. However, the map —/is fortunately an almost anticomplcx 
curve as we can see from (f2"4"|) . 

Let M denote the quotient set of the manifold N = {(p, q) e S 2 x S 2 /p ^ q} 
by the equivalence relation: (p, q) = (a, b) if and only if p = b and q = a. 



Corollary 3 Let H ri ' r2 denote the space of linearly full almost complex maps 
of S 2 into S 6 with 2 higher singularities each of type (r\, r%, r*i, r*i, r 2 , r{). Then 

2 



nri ,r 2 = M x QC 



Let ipo , . . . , ip n ■ S 2 — > CP" be a harmonic sequence with corresponding local 
lifts /o, . . . , f n : S 2 \W — > CP™ given in accordance with © and d3|, where W is 
the set of all singularities of the harmonic maps ipp- Bolton et al have proved in 
[8] that when ip p is an immersion, the area A{ip p ) of S 2 with the metric induced 
by ip p is given by 

A(iP p )=tt(5 p ^+8 p ), (42) 

where <J_i = and 5 P is the degree of the {p — l)-st osculating curve a v -\. 
Moreover, they calculate this degree in terms of the 7 P invariants. Namely, 

S p = 77- I IpdzAdz. (43) 
Zin J S 2 

Bolton et al carry on working out the following global Pliicker formula, relating 
the ramification indices R p of the curves <t p _i to the degrees S p by 

Rp = -2 - 5 p - 2 + 25 p -x - S p . (44) 

Finally, they also write down the degrees S p in terms of the the ramification 



indices R p as follows 



p— 1 71— 1 



Sp = ( P + l)(n -p) + ^— | ^(fc + l)i? fe + ^ ^(n - fc)i? fc . (45) 
n + 1 ^ — ' n + 1 * — ' 

fc=0 k=p 

Using these results for the case n = 6 we can now produce the following conse- 
quence 

Lemma 4 Let f : S 2 — > S 6 be a linearly full almost complex curve. Let (ij) p ) p=0 
be the harmonic sequence determined by f . Then the ramification indices R p of 
the associated osculating curves o v -\ satisfy 

(i) Rj = R7-j for i = l,...,6. 

(ii ) R 3 =R 2 . 
Proof: 

Considering that / is superminimal (see paragraph after Definition ([I])) item (i) 
follows from direct application of (|4"4")) . (|4"3"|) . (R)|) and (12^1) . while item (ii) follows 
from @5), (O and Q 

Proposition 3 Let f : S 2 — > S 6 be a linearly full almost complex curve with 
total singularity type (R\, . . . , Re)- Then the area A(ip) of the harmonic map 
ip=[f}: S 2 -)• CP 6 is given by 

A(ip)=Aw(6 + 2R 1 +R 2 ). (46) 
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Proof: 

Using the lemma above and (|45[) we have 



S 3 = 12 + ARi +2R 2 = 5 4 . 

Thus, the Corollary follows from (|4"2"j) . 

Theorem 6 LetH d be the space of linearly full almost complex maps of S 2 into 
S e of area Aird. Then d > 6 and 
(i ) H 6 =H 00 = G^, 

(ii ) R 7 is empty, 

(iii ) H s =W°>V =M x Gf. 
Furthermore, every element ofH 8 has directrix curve G% -equivalent to the fol- 
lowing S 1 -symmetric case 

f{z) = {70VU>z 5 - 126\/i52 3 )ei + (70V&Z 7 + 75Vfe)e 2 

+(il35 + i70z s )e 3 + 210VT0z 4 e 4 + {i70Vl5z 5 + il26Vl5z 3 )e 5 
+ (i70V6z 7 - i7bV6z)e 6 + (-135 + 70z 8 )e 7 . (47) 

Proof: 

Item (i) and d > 6 follow are consequence of (l46l) . whilst item (ii) follows from 
the fact already noted in the Remark ([1} that there does not exist a 1-point 
ramified harmonic 2-sphere in CP™. 

Now to prove (iii) we start noting that according to (14^1) the first possibility 
for the singularity type is i?o = and R\ — 2. This case implies that [/] is 
2-point ramified with singularity type at each point given by (0, 1, 0, 0, 1, 0) and 
hence (iii) and (|47l) follow from Theorem ([S]). 
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